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We study interaction of a soliton in a parity-time (PT ) symmetric coupler which has local perturbation of
the coupling constant. Such a defect does not change the PT -symmetry of the system, but locally can achieve the
exceptional point. We found that the symmetric solitons after interaction with the defect either transform into
breathers or blow up. The dynamics of anti-symmetric solitons is more complex, showing domains of successive
broadening of the beam and of the beam splitting in two outwards propagating solitons, in addition to the single
breather generation and blow up. All the effects are preserved when the coupling strength in the center of the
defect deviates from the exceptional point. If the coupling is strong enough the only observable outcome of the
soliton-defect interaction is the generation of the breather.
c© 2018 Optical Society of America
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Two coupled waveguides (a coupler), with gain and
losses which are mutually balanced is a parity-time
(PT )-symmetric system [1]. In the nonlinear case [2]
they represent a testbed for various phenomena involv-
ing instabilities and optical solitons. Such couplers sup-
port stable propagation of bright [3–5] and dark [6] soli-
tons, breathers [7], and rogue waves [8]. The dynamical
properties of these systems are determined by the rela-
tion between the strengths of the coupling (κ) and the
gain-loss coefficient (γ), splitting the region of the pa-
rameters in two domains corresponding to the unbroken
PT -symmetric phase, when all linear modes propagate
without amplification or attenuation, and the domain
where the linear modes are unstable (the broken PT -
symmetry). The value of the relation γ/κ separating
these two domains is an exceptional point (for discussion
of physical relevance of exceptional points see e.g. [9]).
When the coupling and gain/loss coefficients changes
along the propagation distance, the properties of the
medium are affected and new effect can be observed. In
particular, PT -symmetry with alternating sign can sta-
bilize solitons [4]; a PT -symmetric defect with localized
gain and loss results in switching solitons between the
waveguides [10]. The ”governing” ratio γ/κ can also be
changed by varying the coupling coefficient. This can be
done by changing the properties of the medium between
the waveguides or by using curved waveguides with vary-
ing distance between the waveguides. Such situation was
considered for conservative couplers in [11,12], where lo-
cal change of the coupling constant does not affect qual-
itatively the properties of the system. In the case of a
PT -symmetric coupler, however, if change of κ locally
reaches (or crosses) the exceptional point the properties
of the coupler are changed qualitatively. In this case the
PT -symmetric phase is broken locally and one can speak
about exceptional point defect.
One can expect that if the exceptional point defect is
long enough [compared to the wavelength of soliton in
the longitudinal direction], a soliton incident on it should
become unstable. Indeed, in the spatial domain of the
defect, a soliton cannot exist. Then one may expect dif-
ferent scenarios of the soliton instability. These scenarios
are addressed in the present Letter. More specifically ,
we study of the interaction of a vector soliton in a PT -
symmetric coupler with the localized defect of coupling
and report four possibilities of the soliton evolution in-
teracted with the defect: the excitation of a one-period
breather, excitation of a breather with oscillating ampli-
tude and width, the splitting of a vector soliton in two
breathers, and intensity blowup.
We consider two coupled waveguides described by two
nonlinear Schro¨dinger equations
iq1,z = −q1,xx + iγq1 − κ(z)q2 − |q1|2q1,
iq2,z = −q2,xx − iγq2 − κ(z)q1 − |q2|2q2. (1)
with the coupling κ = κ0 − (κ0 − κmin) e−z2/ℓ2 , char-
acterized by the amplitude κ0 − κmin (i.e. it attains the
minimal value κmin at z = 0 and tends to κ0 at z → ±∞)
and by the width ℓ. To reduce the number of parameters
we set γ = 1 and leave as the only controlling param-
eters, the ones describing the coupling defect, i.e. κ0,
κmin and ℓ. Respectively, κmin = 1 corresponds to the
exceptional point defect.
In the limiting region where, κmin ≈ κ0, Eqs. (1) pos-
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Fig. 1. (color online) Upper panels: Field intensities with
(a) η = 0.15 and (b) η = 0.5 interacting with defect
at z = 0. The coupling κmin = 1, κ0 = 2 (a) and
4 (b). Lower panels: Respective evolution of the total
energy flow S0 for ℓ = 1 [thick solid lines] and soliton
amplitudes |q1| and |q2| [thin solid and dashed lines, re-
spectively]. Thick dotted line in (b) shows blowup at
ℓ = 1.1. The local maxima (minima) of S0 [the verti-
cal lines in lower panel (a)] happen where the powers
in the waveguides are equal:
∫ |q1|2dx = ∫ |q2|2dx. The
simulations for bounded solutions have been performed
between zini = −10 and zfin = 100 and on the grid
−40 < x < 40.
sess a soliton solution [3]
q
(σ)
1 =
√
2η exp
[
i(η2 + σκ0 cos δ)z
]
cosh (ηx)
= σq
(σ)
2 e
−iσδ, (2)
where δ = arcsin (γ/κ0) such that 0 ≤ δ ≤ π/2. The
soliton is parametrized by the positive parameter η, and
represent symmetric (σ = 1) and antisymmetric (σ =
−1) solutions. Eq. (2) at z = zinit is used below for the
initial data for vector solitons interacting with the defect.
Starting with the interaction of a symmetric soliton
(σ = 1) with the exceptional point defect, κmin = 1, in
Fig. 1 we resume the typical results. The figure reveals
the two different dynamical scenarios, which depend on
whether the length of the defect ℓ is below or above some
critical value ℓcr. In Fig. 1 (a) the soliton passes through
a relatively short defect transforming into a breather.
The defect width in this case, ℓ = 1, is far below the
critical value: for η = 0.15, κ0 = 2, and κmin = 1 we
found ℓcr ≈ 7. The emergent breather solution is char-
acterized by the intensity oscillations between the two
components – minimum (maximum) in one component
corresponds to maximum (minimum) in the other one
[Fig. 1 (a)]. The frequency of these oscillations (after soli-
ton passed the defect) can be estimated as 2
√
κ20 − γ2.
For the weakly nonlinear limit this estimate was de-
rived in [7] (it stems from the difference of the eigen-
frequencies of the linear PT -symmetric coupler). At a
finite amplitude the estimate for the frequency can be
obtained from the following arguments. Introducing the
Stokes variables s0 = |q1|2 + |q2|2, s1 = q1q∗2 + q∗1q2,
s2 = −i(q1q∗2 − q∗1q2), and s3 = |q1|2 − |q2|2, as well as
their integrals Sj =
∫
∞
−∞
sj(z, x)dx, we obtain
dS0
dz
= 2γS3,
dS2
dz
= −2κ(z)S3 +
∫
∞
−∞
s1s3dx,
dS1
dz
= −
∫
∞
−∞
s2s3dx,
dS3
dz
= 2γS0 + 2κ(z)S2
For η ≪ 1 we have ∫ |qj |4dx ∼ η2 ∫ |qj |2dx and∣∣∫ s1s3dx∣∣ = ∣∣∫ |q1|4dx− ∫ |q2|4dx∣∣ ≪ |S3| . In the case
at hand η = 0.15 and κ0 = 2 and the nonlinear term
in the equation for S2 can be neglected with the ac-
curacy η2/κ0 ≈ 0.011. As a result the system for S0,
S2 and S3 become closed and linear. One of its eigen-
frequencies is 2
√
κ20 − γ2 giving period of oscillations
π/
√
κ20 − γ2 ≈ 1.8; it agrees well with the numerical
results in Fig. 1 (a).
In Fig. 1 (b) the solution passes through the same de-
fect (ℓ = 1) just below the critical value (for η = 0.5,
κ0 = 4, and κmin = 1 we found ℓcr ≈ 1.1) and is trans-
formed into a breather. Now the period of oscillations is
π/
√
κ20 − γ2 ≈ 0.8, which still agrees well with the nu-
merical results. The dependencies of the total energy flow
S0 and the solution amplitudes |q1,2| on z for each case
are shown in the lower panels. When the defect width
is close to the threshold value [Fig.1], dependence S0(z)
becomes quasiperiodic.
In Fig. 2 we show details of the evolution of the Stokes
components and phases of the emergent breathers. The
breathing character of the mode is evident from almost
periodic power imbalance S3 between the waveguides.
We also observe that the breathing solution is accom-
panied by the oscillation of the ”current” S2 (which is
constant for the soliton solution). These oscillations are
related to the lifting the phase locking between the com-
ponents [Fig. 2]: the phase difference θ = arg q1− arg q2,
which is constant for soliton (2), in the breather solu-
tion depends periodically on the evolution coordinate.
We also confirmed that the Stokes component S1 re-
mains mach smaller than the other ones, what corrobo-
rates with the suppositions made in the estimates of the
breather period.
If the length of the defect exceeds a critical value ℓcr
for a given coupling constant, the soliton ”cannot over-
come” it: the component with gain q1 (and hence S0)
grows infinitely. Thus the soliton after passing through
the defect blows up [see the dotted line in the lower
panel of Fig. 1 (b)]. We performed detail study of the
dependence of the critical width of the defect ℓcr as
a function of the minimal coupling κmin [Fig. 3 (a)].
The main qualitative result is that the exceptional point
κmin = 1 separates quasi-linear (at κmin < 1) and
quasi-exponential (at 1 < κmin < κ
∗
min) dependencies
ℓcr(κmin). Interestingly, when PT -symmetry is locally
broken (κmin < 1) or even approaches zero, soliton still
can passe the coupling defect provided the defect is nar-
row enough. At the same time, relatively strong cou-
pling prevents blow up: for κmin > κ
∗
min there is no
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Fig. 2. (color online) (a): S0 (solid line) and S3 (dashed
line) vs z; (b): S2 (solid line) and S1 (dashed line) vs z;
(c): θ vs z. The parameters are the same with those used
in Fig. 1 (a).
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Fig. 3. The dependencies of ℓcr vs κmin for η = 0.5 (a)
and vs η for κmin = 1 (b). In both panels κ0 = 4. If
κmin > κ
∗
min ≈ 1.5 (a) and η < η∗ ≈ 0.1 (b) (the gray
domains) no blow-up is found under the given values of
parameters. Insets show the dynamics of Stokes com-
ponents for a soliton interacting with a strong coupling
defect κmin = 1.5 (a) and for a small amplitude soliton
(η = 0.1) interacting with the exceptional point defect
(b), where sufficiently long defect, ℓ = 10, results in ex-
citation of a breather.
critical width of a defect, and a soliton can pass a de-
fect of any width being transformed in a breather. In
the inset of Fig. 3 (a) we show an example of strong
coupling κmin = 1.5, where the defect with sufficiently
long width ℓ = 10 results in excitation of breathers. The
blow up can occur in the whole interval of weak coupling
0 < κmin < κ
∗
min (in Fig. 3 (a), κ
∗
min ≈ 1.5 ).
In Fig. 3 (b) we show the dependence of ℓcr on the in-
verse soliton width η at κ0 = 4 and κmin = 1. For a given
defect width there exist a critical soliton amplitude sepa-
rating small amplitude solitons which pass the impurity
being transformed in breathers and large amplitude soli-
tons which blow up. We also observe an upper critical
amplitude η2cr = 2
√
κ20 − 1/3 ≈ 1.6, above which a soli-
ton blows up independently of the width of the defect.
This last effect is a manifestation of the instability of
large amplitude solitons in a PT -symmetric coupler [3].
Like in the previous case, solitons with η < η∗ ≈ 0.1 are
able to pass the defect of any width without blow-up. In
the inset of Fig. 2 (b) we show an example of excitation
of a breather by a small amplitude solitons.
Turning to the interaction of the antisymmetric soliton
σ = −1 with an exceptional point defect we observe more
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Fig. 4. (color online) Upper panels: The dynamics of
soliton-defect interactions for η = 0.5 and ℓ = 1.1 (a),
2.2 (b), 2.7 (c), and 3.2 (d), respectively, for the coupling
κ0 = 4 and κmin = 1. In (a) and (b) The broadening is
repeated along the propagation distance with the period
≈ 10. Lower panels: The total energy flow S0 [thick solid
lines] and soliton amplitudes |q1| and |q2| [thin solid and
dashed lines, respectively] for each solution. Thick dot-
ted line in (d) corresponds to the blow up happening at
ℓ = 3.4.
rich behavior, which is resumed in Fig. 4. As in the case
of symmetric soliton we find that there exists a critical
defect length ℓcr above which the soliton blows up (for
the chosen parameters ℓcr ≈ 3.4). If the width of the de-
fect is below ℓcr, the soliton-defect interaction results in
creation of breathers, although this occurs now according
to different scenarios. The effect of a relatively short de-
fect acts similarly on the symmetric and anti-symmetric
solitons, c.f. panels (a) in Figs. 1 and 4, here one ob-
serves that the antisymmetric breathers have shorter pe-
riod (≈ 0.8) than that of the symmetric ones.
Increase of the defect lengths results in broadening of
the soliton passed the defect [Fig. 4 (b)]. This broadening
is repeated along the propagation distance [in Fig. 4 (b)
the period ≈ 10]. Further increase of ℓ leads to splitting
of the incident soliton in the two outward propagating
pulses, as it is shown in Fig. 4 (c). It turns out that the
domain of the defect lengths leading to the splitting of
the incident beam is finite (for the parameters of Fig. 4
this is the domain 2.2 ≤ ℓ ≤ 3.2). Interestingly, further
increasing of the defect length stops soliton splitting and
reintroduces the scenario when broadening of the soliton
is observed [Fig. 4 (d)]. In spite of the reported diversity
of the behaviors, the total energy flow S0 is increasing
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Fig. 5. (a) ℓcr vs κmin for η = 0.5 and (b) ℓcr vs η for
κmin = 1. In both panels κ0 = 4. If κmin > κ
∗
min ≈ 1
(a) and η < η∗ ≈ 0.2 (b) (the gray domains) no blowup
occurs for the given parameters. Insets show the Stokes
components for the defect with κmin = 1.1 (a) and for
the small amplitude soliton (η = 0.1) interacting with
the exceptional point defect (b), where the defect of the
length ℓ = 10 results in excitation of breathers.
smoothly with the growth of ℓ displaying no reflection of
the broadening or splitting dynamics.
In Fig. 5 we show ℓcr vs κmin [panel (a)] and ℓcr
vs η for κmin = 1 [panel (b)] for the case of anti-
symmetric soliton. Comparing Figs. 5 and 3 we observe
that blowup of a symmetric soliton occurs at lower am-
plitudes and smaller defect lengths, than the blowup of
an anti-symmetric soliton.
Interactions of the solitons of both types with the de-
fect obey several common features. First, soliton-defect
interaction starts with the local increase of the energy
flow. Indeed, the initial (solitonic) values of the Stokes
parameters are given by: S
(s)
0 = 8η, S
(s)
1 = 8ησ cos δ,
S
(s)
2 = −8η sin δ, S(s)3 = 0 (s3 ≡ 0) and thus (3) gives
that at the initial stage of evolution S0 and S3 are grow-
ing independently of defect parameters. Second, it fol-
lows from (3) that for an exact breathing, i.e. L-periodic,
solution 〈S3〉 = 1L
∫ z+L
z S3(z)dz = 0. For a breather
far from the defect, where κ(z) ≈ κ0, we also find that
〈S2〉 = −(γ/κ)〈S0〉 < 0. Thus, the defect results in oscil-
lations of S2(z) without changing the sign of its average.
Finally, using the super-Gaussian defect κ = κ0 −
(κ0 − κmin) e−z6/ℓ6 , we checked how sensitive are our
results to the choice of the defect. We found that for
the parameters as in Fig. 1(b) the critical value becomes
ℓcr ≈ 0.5. For the antisymmetric mode results are shown
in Fig. 6. We do observe that there are the same sce-
narios, as those in Fig. 4 (although now ℓcr ≈ 2.3 for
η = 0.25). It is interesting, that for η = 0.5 the criti-
cal value ℓcr ≈ 1.1, i.e. considerably lower, than the one
established in Fig. 4.
To conclude, we considered interaction of a diffrac-
tive soliton in a PT -symmetric coupler with a cou-
pling defect, which locally achieves the exceptional
point of the underline linear system. Independently on
whether the incident beam (soliton) is symmetric or anti-
symmetric, at relatively small defect length the soliton
passes through the defect and transforms into a breather.
This occurs even if in the region of the defect the PT -
symmetry is broken. If the defect is long enough, the
total energy flow grows exponentially along the waveg-
uides. In the case of an anti-symmetric soliton interacting
Fig. 6. (color online) Soliton interaction with super-
Gaussian defect for η = 0.25, κ0 = 4, κmin = 1 and
ℓ = 0.2 (a); ℓ = 2.0 (b); ℓ = 2.1 (c); ℓ = 2.2 (d).
with a defect there can exist domains where successive
broadening of the beam and even beam splitting in two
outwards propagating breathers occurs.
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